SPRINGER'S THEOREM FOR TAME QUADRATIC FORMS 
OVER HENSELIAN FIELDS 



M. A. ELOMARY AND J.-P. TIGNOL 

Abstract. A quadratic form over a Henselian- valued field of arbitrary residue 
characteristic is tame if it becomes hyperbolic over a tamely ramified extension. 
The Witt group of tame quadratic forms is shown to be canonically isomorphic 
to the Witt group of graded quadratic forms over the graded ring associated 
to the filtration defined by the valuation, hence also isomorphic to a direct 
sum of copies of the Witt group of the residue field indexed by the value group 
modulo 2. 

A celebrated theorem of Springer [8] establishes an isomorphism between the 
Witt group of a complete discretely valued field and the direct sum of two copies 
of the Witt group of the residue field, provided the residue characteristic is dif- 
ferent from 2. Springer also considered the case where the residue characteristic 
is 2, and he pointed out the extra complications that arise from the fact that the 
residue forms are not necessarily nonsingular, even when the residue field is per- 
fect. The exhaustive analysis by Aravire- Jacob [1] shows that the description of 
the Witt group of a dyadic Henselian field is extremely delicate, even when the field 
is maximally complete of characteristic 2. 

Our purpose is to show that, by contrast, Springer's original techniques — as 
revisited in [7] — yield a very general characteristic-free version of Springer's theorem 
for the tame part of the Witt group. Our main result is the following: let F be 
a field with a Henselian valuation v, with value group IV and residue field F of 
arbitrary characteristic; there is a group isomorphism 

d:I qt (F)^ I q (F) 
r F /2r F 

where I q (F) is the quadratic Witt group of F, consisting of Witt-equivalence classes 
of even-dimensional nonsingular quadratic forms over F, and I q t{F) C I q (F) is 
the subgroup of Witt classes that are split by a tamely ramified extension of F. 
The isomorphism d is defined by residue forms, which depend on the choice of 
"uniformizing parameters" tt$ E F x for representatives 5 of the various cosets of IV 
modulo 2IV. It is actually obtained as the composition of a canonical isomorphism 

(1) I qt (F)^I q (gr(F)), 
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where gr(F) is the graded ring associated with the filtration of F defined by the 
valuation v, and an isomorphism 

(2) I q (gr(F))^ I q (F) 

r F /2r F 

depending on the choice of uniformizing parameters. If char F ^ 2, the isomorphism 
d extends to the whole Witt group W(F), as is well-known (see [10l Satz 3.1] of 
[7], for instance). The case where charF = 2 was also considered by Tietze in 
[lOp . who also obtained an isomorphism from a subgroup U(F) C I q (F) onto 
©r F /2r F Iq(F)- Tietze's method is quite different: it uses a presentation of Witt 
groups by generators and relations, and U(F) is defined in [10] as the subgroup 
generated by the Witt classes of quadratic forms ax 2 + bxy + cy 2 with v(a) = v(b) = 
v(c). Comparing Tietze's results with ours, it appears that actually U(F) = I q t(F), 
see Corollary [171 

Sections [T] and [2] introduce the formalism of norms on vector spaces and graded 
rings. The Witt group of graded fields is discussed in where we prove the 
isomorphism ([2]): see Theorem [21 The isomorphism (JTj is obtained in Sj2] (see 
Corollary ITTj) . where I q t(F) is defined as the group of Witt classes of quadratic 
spaces that admit a certain type of norms, which we call tame norms. In Sj3j we 
establish the alternative characterization of I q t{F) in terms of tame splitting fields. 

The following notation will be used consistently throughout: F is a field with a 
(Krull) valuation v : F — > TU {oo}, where T is a totally ordered group. Without loss 
of generality, we assume T is divisible, since we may substitute for T its divisible 
hull. We let r> denote the value group of F, i.e., F> = v(F x ) C r, and let F 
denote the residue field of F. 

For quadratic forms, we generally follow the terminology of [3]: if q: V — > F is 
a quadratic form on an F- vector space V, we let b: V x V — > F denote the polar 
form 

H x > v) = i( x + v)- q( x ) - i(y) for x,y ev. 

The form b is nondegenerate if x — is the only vector such that b{x, y) — for all 
y G V. We call the quadratic form q regular if x — is the only vector in V such 
that q{x) — and b(x, y) = for all y € V, and nondegenerate if it remains regular 
after scalar extension to an algebraic closure of F. We say q is nonsingular if its 
polar form is nondegenerate; thus, if chari 7, ^ 2 or if dimg is even, q is nonsingular 
if and only if it is nondegenerate. If char_F = 2, all nonsingular forms are even- 
dimensional since their polar form is nondegenerate and alternating, but X1X2 +£3 
is an odd-dimensional nondegenerate form. 

1. Quadratic Witt group of graded fields 

Let r be a divisible torsion-free abelian group, which will contain the degrees 
of all the graded structures we shall consider. Graded commutative rings in which 
every nonzero homogeneous element is invertible are called graded fields, and graded 
modules over graded fields are called graded vector spaces. Since T is torsion-free, 
graded fields are domains and graded vector spaces are free modules, see [5) §1]. 
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The rank of a graded vector space is called its dimension. Let 

F = 0F 7 

be a graded field and 

v = 0v 7 

be a graded F- vector space. We let Yf, Yy denote the sets of degrees of F and V, 
i.e., 

r F - { 7 G r | f 7 ^ {0}}, r v = { 7 e r | v 7 ± {o}}. 

The set Yf is a subgroup of T, and I\/ is a union of cosets of Yf. For each coset 
A G Y/Tp, let 

V A = 0V A 

AeA 

(so Va = {0} if A <f_ Yy). If Ty is the disjoint union of cosets Ai, . . . , A n G Y/Yp, 
i.e., Tv = Ai U . . . U A n , we have a canonical decomposition of V into graded 
sub- vector spaces 

n 

(3) V = 0V A , 

i=i 

Note that the homogeneous component Fo of F is a field, and each V 7 for 7 G Y is 
an Fo-vector space. Picking an element Ai € Aj for each i = 1, . . . , n, we have 

n n 

dimp V = dimp Va; = dimp V Ai . 

i=l i=l 

Let V be a finite-dimensional graded vector space over a graded field F. A graded 
quadratic form on V is a map 

q: F 

satisfying the following conditions involving q and its polar form b: V x V — > F 
defined by 

H x > v) = q( x + y)~ <i( x ) - q{v) : 

(i) q{xa) = q(x)a 2 for all x G V, a G F; 

(ii) 6 is an F-bilinear form on V; 

(iii) g(V 7 ) C F 27 for all 7 G T; 

(iv) 6(V 7 ,V 5 ) C F 7+(5 for all 7, (5 G Y. 
These conditions imply in particular that 

(4) <7(V 7 ) = {0}if 7 ^ir F and 6(V 7 , V s ) = {0} if 7 + 5 ^ T F . 

The graded quadratic form q is called nonsingular if its polar form b is nondegen- 
erate, i.e., x = is the only vector such that b(x, y) = for all y G V. It is called 
hyperbolic if it is nonsingular and V = U © W for some graded subspaces U, W such 
that g(U) = g(W) = {0}. 

Proposition 1. Let q be a nonsingular graded quadratic form on V. XTie canonical 
decomposition ^ yields an orthogonal decomposition 

V= ( V a)©W where W = V A . 
Aeir F /r F A^ir F /r F 
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For each A £ iTf/Tp, the restriction of q to Va is nonsingular. Moreover, the 
restriction of q to W is hyperbolic. 

Proof. All assertions except the last one really concern the polar form 6; their 
easy proof (based on the observation j3])) can be found in [3 Proposition 1.1]. It 
is also proven there that the restriction of b to W is hyperbolic. Since moreover 
<z(Va) = {0} for all cosets A <f_ hTf by (j4|), the proposition follows. □ 

For each coset A £ 1^/21^, fix an element 8 £ A and a nonzero homogeneous 
element its £ Fs (5 = and ttq = 1 for A = 2IV) and let 

(5) g A :Vi 5 ^F , x i-> -Kj x q{x). 

Since the restriction of q to Vi A is nonsingular, it follows that qa is a nonsingular 
quadratic form on the Fo-vector space Vi 5 . Of course, this quadratic form depends 
on the choice of Tr$, except for A = 2I>. 

Mimicking the usual construction, we may define a Witt equivalence of non- 
singular graded quadratic forms over a given graded field F and endow the set of 
Witt-equivalence classes with a group structure using the orthogonal sum. We let 
I q (F) denote the quadratic Witt group of F, consisting of Witt-equivalence classes 
of even-dimensional nonsingular graded quadratic forms over F. 

Theorem 2. The map that carries each nonsingular graded quadratic form q to 
the collection of nonsingular Fo-quadratic forms (9A)Aer F /2r F defines a group iso- 
morphism: 

W)^ /,(Fo). 
r F /2i> 

This isomorphism depends on the choice of the homogeneous elements its £ F$. 

The proof is routine. See [7j Proposition 1.5(iv)] for the (more complicated) case 
of even hermitian forms over graded division algebras with involution. 

2. Norms and residues 

Let (F, v) be an arbitrary valued field and V a finite-dimensional F-vector space. 
We recall from [7] and [11] that a v-value function on V is a map 

a: y-^TU {oo} 

satisfying the following properties, for x, y £ V and X £ F: 

(i) a(x) = oo if and only if x = 0; 

(ii) a(xX) — a(x) + v(X); 

(iii) a(x + y) > min(a(x), ot(y)) ■ 

The v-value function a is called a v-norm if there is a base (ei)™ =1 of V that splits 
a in the following sense: 

n 

a(y^ eiAjJ = min(a(eiAj) | i = 1, . . . ,n) for Ai, . . . , A„ € F. 

i=l 

Any v-value function a onV defines a filtration of V by modules over the valuation 
ring of F: for any 7 £ T we let 

V-~< = {x £V \ a(x) > 7}, y >7 = {x £ V I a{x) > 7}, V 1 = V-' y /V > ' y , 
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and we define 

8r„(V) = ©V 7 . 
7 er 

Similarly, let gr(F) be the graded ring associated to the filtration of F defined by 
the valuation. Since every nonzero homogeneous element of gr(F) is invertible, this 
ring is a graded field. The F- vector space structure on V induces on gr Q (V) a 
structure of graded gr(F)-module, so gr a (V) is a graded gr(F)-vector space. For 
any nonzero x G V we let 

x = x + V >a W eV a(x) Cgr Q (V). 

We also let = and use a similar notation for elements in gr(F). It is shown in [7J 
Corollary 2.3] that a base (ej)^_j of V splits a if and only if (e7)™ =1 is a gr(_F)-base 
of gr a (V), and that a is a norm if and only if 

dim gr(F) gr a (V) = dim F V. 

Now, let q : V —¥ F be an arbitrary quadratic form, with polar form b : VxF-> 
F. We say that a w-value function a is bounded by q, and write a -< q, if the 
following two conditions hold: 

(a) v(b(x,y)) > a(x) + a(y) for all x, y € V, and 

(b) > 2a(x) for all x G V. 

Of course, letting a; = y in (a) yields (b) if char F^2. On the other hand, (b) does 
not imply (a): see Example [3] below. Note that Springer in [5] requires only (b), 
whereas Goldman-Iwahori in [3] require only (a). Both conditions are required by 
Bruhat-Tits in [2, Definition 2.1]. 

For each 7 G T, let p 7 : F-~ f — >• F 1 be the canonical map. When a^gwe define 
maps 

Qa'Vy—> F 2j and b a : X Va — > -F 7+( 5 for 7, <5 G T 

g a (a:) = P2 7 (g(a;)) and b a (x,y) = <p 1+ s(b{x,y)) 

for i, j/£F with a(ar) = 7 and a(y) = (5. We extend b a to gr Q (V) by bilincarity 
and define 

q a : gr a (V)~>gr{F) 

as follows: for ir 7 G V^, 

7 er 7 7 <5 

The map (fa is a quadratic form on gr a (V) with polar form b a . It is a graded 
quadratic form since q a {Vy) C F27 and ^(V^Va) C F 7+ a for 7, <5 G T. The 
straightforward verifications arc omitted. 

Example 3. Suppose v is a discrete valuation on F with T F = Z and let V = F® 2 
with the hyperbolic quadratic form q(xi,X2) — x\X%. Define a norm a: V — > 
±ZU {00} by 

a(xi,x 2 ) = mia(«(a;i),i;(a;2) + 5) for x±, x 2 G F. 
Clearly, we have v(q{x)) > 2a(x) for all x G V; but b((l, 0), (0, 1)) = 1, so 
v(b((l, 0), (0, 1))) = < a(l, 0) + a(0, 1) = \. 
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Thus, condition (b) holds but not (a). Also, note that for x = (1,0) and x' — (1, 1) 
we have x = x! in gf a (V), but q(x) — and q(x / ) = 1, so q a (x) is not well-defined. 
By contrast, the map f3: V — ^ Z U {oo} defined by 

P{xi, X2) = rmn\y(x\), v(x2)) for afi, x% G F 

is bounded by q. The induced quadratic form qp is hyperbolic. 

Example 4. Let (F, w) be an arbitrary valued field and let K/F be an arbitrary 
quadratic extension. Let N : K — > F be the norm form, which is a quadratic form. 
We consider two cases: 

Case 1: The valuation v extends to two different valuations v\, V2 on K. 

Then K/F is not purely inseparable, hence it is a Galois extension. Let a : K — > 
K be the nontrivial automorphism of K/F, so v% = V\ o a. We have v(N(x)j = 
V\(x) + V2(x) for all x £ V. The map a: K — > T U {00} defined by 

a(x) — min(wi(a:), ^2(2;)) for x G K 

is a w-norm on K by [TTJ Corollary 1.7], and it is readily checked that a -< N. 
Let u € K be such that vi(u) ^ 1)2(11). Then o~(u) =/= —u, hence after scaling by a 
suitable factor in F x we may assume u + a(u) — 1. Since v\ [cr(u)j — 1)2(11) ^ v\(u), 
this equation yields 

= min(t>i(u), v\ (cr(u))) = a(u). 

It follows that b a (l,u) = 1, so the form N a is nonsingular. Moreover, N a (u) = 0, 
so A^q is hyperbolic. 

Case 2: The valuation v has a unique extension to K . 

We again write v for the valuation on K extending v. This valuation is a v- value 
function on K and it is readily checked that v ~< N; in fact v[N(x)) = 2v(x) for 
all x € K. If if/F is immediate (i.e., ~K = F and L A - = T F ), then gr v (K) = gr(F), 
so u is not a norm. Otherwise, gr v (K) is a quadratic extension of gr(F), and JV a 
is the norm form of that extension. It is nonsingular if and only if K/F is tame, 
i.e., either K/F is totally ramified and charF ^ 2, or K/F is a separable quadratic 
extension (i.e., K/F is inertial). 

This last example suggests the following definition: 

Definition 5. Let (F, v) be an arbitrary valued field and (V,q) be a quadratic 
space over F. A u-norm a on V is called a tame norm compatible with q if a -< g 
and the induced quadratic form g a on gr a (V) is nonsingular. 

For any quadratic space (V, q) and any w-value function a on V such that a -< q, 
it is clear that b a (x, if) = for all 77 G gr Q (F) if b(x, y) = for all j/ 6 V. Therefore, 
tame compatible norms exist only for nonsingular forms. If charF 7^ 2, the tame 
norms compatible with a quadratic form are exactly the norms that are compatible 
with its polar form, in the terminology of [7]; see [7J Remark 3.2]. In that case, 
for every nonsingular quadratic form there is a tame compatible norm, see [7j 
Corollary 3.6]. If charF = 2, the tame norms compatible with a quadratic form 
q are those that are compatible with its polar form and that moreover satisfy 
condition (b): v(q(x)j > 2a(x) for all x £ V. There are nonsingular forms for 
which there is no tame compatible norm, for instance the norm forms of totally 
ramified quadratic extensions of Henselian dyadic fields: see Theorem [TBI 
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Lemma 6. Let (Vx,qx) and (1/2,92) be quadratic spaces over F, and let ax, ct 2 be 
tame v-norms on Vx, Vi that are compatible with qi and q2 respectively. Define 
ax © a 2 : Vx ® Vi T U {00} by 



Then ax © a 2 is a tame v-norm on Vx © V 2 compatible with qi _L q 2 , and there is a 
canonical identification of graded quadratic spaces 

(g^ec^Oi © V 2 ),(qx -L <72) QlffiQ2 ) = (gr ai (Vx),q~l a J - 1 (g^^), q~2 a2 )- 

The easy proof is omitted; see Example 3.7(iii)]. 

Lemma 7. Let (V, q) be a quadratic space over F and let a be a tame v-norm on 
V compatible with q. The Witt indices of q and q a are related by 

io(<?) < io (<?<*) ■ 
In particular, if q is hyperbolic, then q a is hyperbolic. 

Proof. If U C V is a totally q-isotropic subspace, then gr a (U) C gr a (V) is a totally 
(fa-isotropic subspace with dimgr Q ([/) = dirnt/. □ 

Let I q {F) denote the quadratic Witt group of F, consisting of Witt-equivalence 
classes of even-dimensional nonsingular quadratic forms; see [3J §8.B]. From Lemma|Bl 
it follows that the Witt-equivalence classes of even-dimensional nonsingular qua- 
dratic forms that admit a tame compatible norm form a subgroup of I q (F). We let 
I q t{F) denote this subgroup, which we call the tame quadratic Witt group of F. 

Proposition 8. There is a well-defined group epimorphism 



that carries the Witt class of any even- dimensional nonsingular quadratic form q 
with a tame compatible norm a to the Witt class of q a . 

Proof. If charF 7^ 2, this is shown in 7, Theorem 3.11] (and holds for odd- 
dimensional nondegenerate quadratic forms as well). The arguments also hold if 
charF = 2: to see that the Witt equivalence class of q a does not depend on the 
choice of the tame compatible norm a, suppose /3 is another tame compatible norm. 
Then a © /3 is a tame norm compatible with the hyperbolic form q _L — q, hence 
Lemmas [B] and [7] show that q a _L — qp is hyperbolic. 

To prove surjectivity of d when charF = 2, it suffices to show that the Witt 
class of every nonsingular binary form over gr(F) is in the image. Let V be a 2- 
dimensional graded vector space over gr(F), and let (p: V — > gr(F) be a nonsingular 
quadratic form. Since the corresponding polar form b v is nonsingular, we may find 
homogeneous vectors Ex, £2 € V such that b lp (£x,£2) — L These vectors form a 
base of V. If <p(ei) = or (p(e 2 ) = 0, then tp is hyperbolic hence its Witt class 
is zero, which lies in the image of d. If tp(sx), ^(£2) are nonzero, then we may 
find oij a 2 £ F x such that <p(si) = ax and ^{s 2 ) = a 2 . Note that the condition 
b ip (ex,e 2 ) = 1 implies that degei + dege 2 = 0, hence v{a\) + v{a 2 ) = 0. Consider 
a 2-dimensional F- vector space U with base ex, c 2 and quadratic form 



(cm © a 2 )(x 1} x 2 ) = min 



(a 1 (x 1 ),a 2 (x 2 )) for xx G V\ and x 2 G V 2 . 



d: I qt (F) J,(gr(F)) 



q(exXx + e 2 x 2 ) = axx\ + xxx 2 + a 2 x\ 



for ii, 12 £ F. 
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Straightforward computations show that q is a nonsingular quadratic form and that 
the map a : U — » T U {00} defined by 

a(eiXi + e-ix-i) = min(hv(ai) + v(xi), ^(02) + ^(^2)) for x 2 E F 

is a tame norm compatible with q, such that (gr a (U),q a ) ~ (V, 93) under the map 
ei^i + 62^2 ^ Ei^i + £2^2- Thus, the Witt class of ip is in the image of d. □ 

Our next goal is to show that d is an isomorphism when the valuation v on F is 
Henselian. 

Lemma 9. Let (V,q) be a quadratic space over F. Suppose v is Henselian and x, 
y G V are such that 

2v(b(x,y)) < v(q(x)) +v(q{y)). 
Then there is a q-isotropic vector in the span of x and y. 

Proof. This was observed by several authors, in particular Springer [8] Proposi- 
tion 1] (see also [TUl Lemma (2.2)]). We give a proof for completeness. First, note 
that if zy, Z2 € V arc multiple of each other, then 

(6) 2v(b( Zl , z 2 )) = v(q( Zl )) + v(q(z 2 )) + 2v(2) > v(q( Zl )) + v(q(z 2 )). 

In particular, under the hypotheses of the lemma, x and y are not multiple of each 
other. Set z = yq(x)b(x,y)^ 1 , so b(x,z) = q(x). For all A € F we have 

(7) q{x\ + z) = q(x)(X 2 +X + q(x)q(y)b(x, y)- 2 ). 

The second factor on the right side is a polynomial P(X) with coefficients in the 
valuation ring of F. Its image in F[X] is A(A + 1). By Hensel's Lemma, P(X) has a 
root Ao € F. The vector xXo + z is nonzero since x and y are not multiple of each 
other, and it is an isotropic vector of q. □ 

Theorem 10. Let (V, q) be a quadratic space over F . Assume the valuation v on 
F is Henselian. Suppose a: V — > T U {00} is a tame norm compatible with q, and 
consider the induced quadratic form q a on gr a (V). The forms q and q a have the 
same Witt index: 

U)(q) = io(5a)- 

Proof. Lemma [7] already yields io(q) < io(q a )- To prove the reverse inequality, we 
argue by induction on diml^, and copy the proof of [7j Proposition 4.3]. If q a is 
isotropic, we may find a homogeneous isotropic vector x by taking the homogeneous 
component of smallest degree of an arbitrary isotropic vector. Since a is a tame 
norm compatible with q, the polar form b a is nondegenerate. Therefore, we may 
find a homogeneous vector y such that b a (x,y) ^ 0. Let W C V be the subspace 
spanned by x and y, so gr a (W) C gr Q (V) is the graded subspace spanned by x and 
y. We claim that W is a hyperbolic plane. To see this, observe that the equation 
(fa(x) = yields v(q(x)) > 2a(x), while b a (x,y) 7^ shows that v(b(x,y)) = 
a(x) + a(y). Since v (q(y)) > 2a(y), it follows that 2v(b{x,y)) <v{q(x)\+v{q{y) s \. 
Therefore, Lemma [S] shows that W contains a g-isotropic vector. The restriction of 
q to W is nonsingular since b{x, y) 7^ 0, hence W is a hyperbolic plane. 

Let q' denote the restriction of q to W x , so io(q) = 1 + io{q')- By the choice of x 
and y, the bilinear form b a is nondegenerate on gr a (W). Therefore, the norm a\w is 
compatible with the restriction of the polar form b\w, and [71 Proposition 3.8] shows 
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that W 1 - is a splitting complement of W with respect to a, i.e., a = a\w ® a\yy±. 
Thus, 

ff a (V)=ff a (W)±ff a {W X ), 

hence io{q a ) = 1 + since gr a (W) is a hyperbolic plane. The induction hy- 

pothesis yields io(q') > io(5^) 5 hence i (g) > io(q a ) ancl the proof is complete. □ 

Corollary 11. The homomorphism d of Proposition^ is an isomorphism if F is 
Henselian. 

Proof. Surjectivity of d was shown in Proposition [51 and injectivity follows from 
Theorem [TO] □ 

3. Tame quadratic forms over Henselian fields 

In this section, we show that the tame quadratic Witt group of a Henselian field 
is the Witt kernel of the scalar extension map to the maximal tame extension. 

Let F be a field with a valuation v; F — > T U {oo}. Throughout this section, we 
assume v is Henselian. Let (V, q) be a quadratic space over F with polar form b. If 
q is anisotropic, we define a map a: V — > L U {oo} by 

(8) a(x) = \v{q{x)) for x £ V. 

Proposition 12. The map a is a v-value function and a -< q. 

Proof. This was proved by Springer [8j Proposition 1] (and attributed to M. Eichler) 
in the case where the valuation is discrete and F is complete. Springer's arguments 
hold without change under the more general hypotheses of this section. We include 
the proof for the reader's convenience. 

By definition of S, we clearly have a(x\) = a{x) + v(X) for x £ V and A € F, 
and a(x) = oo if and only if x = because q is anisotropic. It is also clear from 
the definition that v[q{x)j > 2a(x) for all x € V. Thus, it only remains to show 

(9) v(b(x, y)) > a(x) + a(y) for x, y e V 
and 

(10) a(x + y) > min(2(x), S(y)) iorx,y£V. 

The inequality ([9j readily follows from Lemma [9J since q is anisotropic. Prop- 
erty (fT0|) follows, since (jH) implies v(b(x,y)) > min(w(g(x)) , v(q(y))) for x, y € V, 
hence 

u(q(x + y)) = +&(a:,y) + g(y)) > min(u(g(x)),u(g'(y))). 

□ 

Now, consider the following property for an anisotropic quadratic form q over F: 

(S) v(b(x, y)) > a(x) + a(y) for all nonzero x, y £ V such that a(x) — a(y). 

Note that this property cannot hold if char F ^ 2 since for x = y it implies v(2) > 
(see ([6])). By ([9]), we have v(b(x,y)) > 2 vain (a (x), a (y)) if a(x) ^ a(y), hence 
Property (S) has the following equivalent formulation: for all nonzero x, y £ V, 

(S') v(b(x,y)) > 2mm(a(x),a(y)) = mm(v(q(x)) , v(q(y))) . 

Our goal is to prove that Property (S) characterizes the quadratic forms that 
remain anisotropic over any inertial extension. Thus, until the end of this section, 
except for the last theorem, we assume charF = 2. 
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We first consider inertial quadratic extensions K/F. The residue extension K/F 
is obtained by adjoining to F a root of an irreducible polynomial of the form 
X 2 + X + u for some u £ F, hence K = F(fx) where /i 2 + \i + u = for some u £ F 
with v(u) — 0. The Henselian valuation on F has a unique extension to K, for 
which we also use the notation v. Since 1, ~p are linearly independent over F, we 
have 

(11) v(a + bfj,) — uun(v(a), v(b)) for a, b £ F. 

Lemma 13. An anisotropic quadratic form satisfies (S) if and only if it remains 
anisotropic over every inertial quadratic extension. 

Proof. If (S) does not hold, then we can find nonzero vectors x, y £ V such that 
a(x) = a(y) and v(b(x,y)) = a(x) + a(y). In view of ([6]), the vectors x and y are 
not multiple of each other. Letting z — yq(x)b(x, y)" 1 as in the proof of LemmaOH 
we see from (JT]) that q becomes isotropic over F(Ao), where Ao is a root of the 
polynomial A 2 + A + q(x)q(y)b(x,y)~ 2 . Since v(q(x)q(y)b(x,y)~ 2 ) = 0, the field 
-F(Ao) is an inertial extension of F. 

Conversely, suppose q becomes isotropic over an inertial quadratic extension K 
of F. We have K = F(fi) where fi 2 + // + u = for some u £ F with v(u) = 0. Let 
xo (£> 1 + x\ ® /i £ V ®f K be an isotropic vector of q. We have 

(12) q(x Q ® 1 + Xi ® //) = (q(x ) - uq(x{j) + (b(x , Xi) - q(x 1 ))y J , 
hence 

q(x )=uq(xi) and b(x ,xi) = q(xi). 

Since v(u) = 0, it follows that v[q(xo)j = v(q(xi) \ = v(b(xo,Xi)), hence (S) does 
not hold. □ 

Lemma 14. If an anisotropic quadratic form satisfies (S), then its scalar extension 
to any inertial quadratic extension also satisfies (S). 

Proof. Suppose q is an anisotropic quadratic form over F satisfying (S), and K is 
an inertial quadratic extension of F. By Lemma [T51 we know q remains anisotropic 
over K. We may therefore extend to V ®f K the definition of the v- value function 
a of ([SJ) . Let K = F(/j,) where /i 2 + [i + u = for some u £ F with v(u) = 0. For 
i = io®l + ii®/iey®fJfwe have by flT2J) and [fTI]) 

a(x) = ~min.(v(q(x ) - uq(xi)),v(b(x ,xi) - q(xi))). 
We claim that 

a(x) = min(a(xo), a(xi)j . 

We check this formula case-by-case: ifw(g , (xo)) = v(q(xi)), thenv[q(xo)— uq{x\)j > 
v[q(xi)) and, by (S), v(b(xo, xi) — q(xi)j — v{q(xi)) ; thus, a(x) = a(xo) = a(xi). 

If v[q(xo)) > V[q(xi)), then v(q(x ) — uq(xi)) — v[q(xi)) and v(b(xQ, Xi)) > 
v[q(xi)j by (S'), hence a(x) = a(xi). 

Likewise, if v[q(xo)) < v[q(xi)j, then v(b(xo, Xi)) > v(q(xo)), hence a(x) = 
a(xo). Thus, the claim is proved. 

Now, suppose x = xq®1 + Xx®h and y = yo®l + yi®lJL are nonzero vectors 
in V <S>f K such that a(x) — a(y), and let 7 = a(x), hence 

7 = min(S(x ),a(xi)) = mm(a(y ),a(yi)) . 
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We have 

b(x,y) = (b(x Q ,y ) - ub(x 1: yi)) + (b(x ,yi) + b(xi,y ) - b{xi,yi))^i, 
hence by (fTT|) 

v(b(x,y)) = mm(v(b(x ,y ) - ub(xi, yi)),v(b(x 0) yi) + b(xx,y ) - b(xi,yi))). 
By Property (S') we have 

v(b(xi,yj)) > mm(a(xi),a(yj)) > 27 for i, j = 0, 1, 

hence 

v(b(x ,yo) ~ ubix^yi)) > 27 and v(b(x , yi) + &(a;i, y ) - b( x i> Vi)) > 2 7- 

Therefore, v(b(x, y)) > 2-f, and it follows that Property (S) holds for the extension 
g>if of q to if. □ 

We now turn to odd-degree extensions. Let L/F be an inertial extension of odd 
degree d. The Henselian valuation t> has a unique extension to L, for which we also 
use the notation v, and we have L = F(X) for some A with v(X) = such that 
L = F(X) and the minimal polynomial of A over F has degree d. Every anisotropic 
quadratic form q : V — > F remains anisotropic over L by a theorem of Springer (see 
[2l Corollary 18.5]), hence we may extend the value function a of ([8]) to V ®f L. 

Lemma 15. For x = xo<Eil + xi<E)X + -- - + Xd-i ® A d_1 £ V <E>f L, we have 

a(x) = min(a(a;o), . . . , a(x d -i)) ■ 

If q satisfies (S), then its extension q^ to L also satisfies (S). 

Proof. If x — 0, the formula trivially holds. We may therefore assume xq, . . . , x d ~\ 
are not all zero and set 

7 = min(a(a;o), . . . ,a(x d -i)). 

We have 

0<i<d-l 0<i<j<d-l 

Since v[q(xi)) > 27 by definition of 7 and 

v(b(xi,Xj)) > a(xi) + a(xj) > 27 

by ©, it follows that v(c[l(x)) > 27, hence a(x) > 7. To prove that this inequality 
is an equality, consider the homogeneous component V 7 of the graded vector space 
gr s (V) and the quadratic map qs- Vj —¥ -F27 induced by q, as in Sj2] This map is 
anisotropic since v(q(z)) — 2a(z) for all z € V, by definition of a. Since L/F is an 
odd-degree extension, this map remains anisotropic after scalar extension to L, by a 
theorem of Springer (see [3j Corollary 18.5]). Therefore, letting x\ — Xi + V >1 G V 1 
for i = 0, . . . , d — 1, so that x[ — Xi 7^ if a(xi) = 7 and = if a(xi) > 7, we 
have 

(9a)r( x o ® 1 + ^'1 ® A H h (g) A^ 1 ) 7^ 0. 

The left side is the image of qi, (x) under the canonical map L- 27 — > L2 7 , hence 
v(ql(x)) = 27, and a(x) = 7. The formula for a(x) is thus established. 

Now, let x, y € V <S>f L be nonzero vectors with a{x) = a(y). Let 7 = a(x) — 
a(y) and 

x = x Q ® H h ® A d ~\ y = 2/0 ® H h ® A d_1 
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with xo, • ■ • , Ud-i G V and 

7 = min(S(a;o), . . . ,a(x d -x)) = min(S(y ), ■ • • ,a(y d -x))- 

We have 

d-1 

b(x,y)= J2 Kxi,Vj)X +i - 

i,j=0 

If Property (S) (hence also (S')) holds for q, we have 

v(b(xi,yj)) > 2mm(a(x i ),a(y j )) > 2j for all i, j, 
hence also v(b(x,y)) > 2j. Thus, Property (S) holds for qi,. □ 

Theorem 16. Suppose F is a field with a Henselian dyadic valuation. An aniso- 
tropic quadratic form over F satisfies (S) if and only if it remains anisotropic over 
every inertial extension of F. 

Proof. The "if" part follows from Lemma 1131 For the converse, suppose q is an 
anisotropic form over F satisfying (S), and let M be an inertial extension of F. 
We have to show that q remains anisotropic over M. Substituting for M its Galois 
closure, we may assume M is Galois over F. Let L C M be the subfield fixed under 
some 2-Sylow subgroup of the Galois group. Then L/F is an odd-degree extension 
and M/L is a Galois 2-extension, hence there is a sequence of field extensions 

L = L C Li C • • • C L r = M 

with [Li : Li-x] = 2 for i = 1, . . . , r. By a theorem of Springer (see [3j Corol- 
lary 18.5]), q remains anisotropic over L, and its extension qr, satisfies (S) by 
Lemma 1151 Therefore, qL t is anisotropic by Lemma I13[ and it satisfies (S) by 
Lemma [T4l Arguing iteratively, we see that qu is anisotropic (and satisfies (S)). □ 

Theorem 1161 also yields precise information on the quadratic forms that are split 
by an inertial extension of the base field. 

Corollary 17. Let q be an anisotropic quadratic form over the Henselian dyadic 
field F. If q becomes hyperbolic over some inertial extension of F, then there exist 
inertial quadratic extensions K\, . . . , K n of F and ax, ■ ■ ■ , a n € F x such that 

q~ ( ai )Ni _L ... _L (a n )N n 

where Ni is the (quadratic) norm form of Ki/F. 

Proof. Since q becomes hyperbolic over some inertial extension of F, Theorem 1161 
shows that it docs not satisfy Property (S). Therefore, by Lemma [TBI q becomes 
isotropic over some inertial quadratic extension K\/F. By [SJ Proposition 34.8], we 
may then find a\ ^ F x and a quadratic form q\ such that 

q ~ {a x )Ni _L q x . 

Since q becomes hyperbolic over some inertial extension of F and N\ becomes 
hyperbolic over the inertial extension K\ , the form q\ also becomes hyperbolic over 
some inertial extension of F . The corollary follows by induction on the dimension. 

□ 
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If wc include the split quadratic F-algebra F x F, with hyperbolic norm form, 
among the inertial quadratic extensions of F, Witt's decomposition theorem shows 
that Corollary [T7] also holds for isotropic quadratic forms that become hyperbolic 
over some inertial extension. It also holds in the nondyadic case, because then 
Springer's theorem can be used to show that every anisotropic quadratic form split 
by an inertial extension becomes isotropic over some inertial quadratic extension. 
Thus, the same argument as in the proof of Corollary 1171 applies . 

Our last theorem holds without the hypothesis that charF = 2. 

Theorem 18. Let F be a field with a Henselian valuation v (with arbitrary residue 
characteristic), and let (V,q) be an even- dimensional nondegenerate quadratic space 
over F. The following conditions are equivalent: 

(a) q becomes hyperbolic over some tame extension of F; 

(b) there exists a tame norm a on V compatible with q. 

Proof. If char_F 7^ 2, both conditions hold for all even-dimensional nondegenerate 
quadratic spaces: (a) because the quadratic closure of F is tame and (b) by [7J 
Corollary 3.6]. For the rest of the proof, we may thus assume charF = 2. Wc 
may also assume q is anisotropic because if (b) holds for an anisotropic form it also 
holds for every Witt-equivalent form by Lemma [5] since hyperbolic forms admit 
tame compatible norms (see Example [3]). 

If (a) holds, then by Corollary [17] we may find a decomposition 

q ~ (ai)JVi _L . . . _L (a n )N n 

for some a\, . . . , a n € F x and for Nx, . . . , N n the norm forms of some inertial 
quadratic extensions K\, . . . , K n of F. Example [4] shows that for each i = 1, . . . , n 
the unique valuation on Ki extending v is a tame norm compatible with Ni, hence 
also with (cij)iVj. The direct sum of these norms is a tame norm compatible with q 
by Lemma [SI hence condition (b) holds. 

Conversely, suppose there is a tame norm a on V compatible with q. Then we 
may find a separable extension L' of F such that q a splits after scalar extension to 
gr(F) Let L be an inertial lift of L', i.e., L/F is an inertial extension such 

that L = L' . Write again v for the unique extension of v to L. Then a <£> v is a 
tame norm on V ®f L compatible with g^, and (qE) a (g)v = (<Za) gr (L) is split since 
gr(i) = gr(F) 8pL'. Therefore, Theorem ITU1 shows that qt, is hyperbolic. □ 

As an example, consider the field F = Q2((i)) of Laurent series in one inde- 
terminate over the field of 2-adic numbers. The composite of the 2-adic valuation 
on Q2 and the i-adic valuation on F is a Henselian valuation v on F with value 
group Z 2 and residue field F 2 . We have / 9 (F 2 ) ~ Z/2Z, and the unique nontrivial 
Witt class is represented by the norm form of F4. The unique inertial quadratic 
extension of F is F(ya), and it follows from Theorem[5J Corollary [Til CorollarvfTTl 
and Theorem [TBI that 

/,t(F)~ (Z/2Z) 4 , 

with generators the Witt classes of the following forms: (1,-5), (2)(1, — 5), {£) (1, — 5) , 
(2i)(l,-5). 

By contrast, the full Witt groups W(F), I q (F) may also be determined by using 
Springer's theorem for the £-adic valuation, since the Witt group of Q2 is known 
(see for instance [6l Ch. VI, Remark 2.31]); we thus get 

VF( J F 1 )~(Z/8Z) 2 e(Z/2Z) 4 , 
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with generators the Witt classes of (1), (t), (1,-2), —2), (1,-5), and (i)(l,-5). 
Note that 4(1) ~ (1, -2, -5, 10) over Q 2 (see loc. tit.]), hence (2)(1, -5) is Witt- 
equivalent to (1,-5) —4(1). Therefore, 

I q (F)/I qt (F) ~ (Z/4Z) ffi (Z/2Z) 3 

with generators represented by (l,t), (1,1), (1,-2), and (£) (1, — 2) . 
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